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We study polynomials {L%MoMuMy(x, gy} = orthogonal with respect to the
inner product
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where > — 1, N is an integer, and M, >0 for all ve {0, 1, 2, ..., N}. These polyno-
mials are g-analogues of the polynomials {L%MoM- M)l  orthogonal with
respect to the (Sobolev) inner product

1 © N
S fo xef(x) g(x) dx+ Y M, FOA0) g°N0).

v=0

We prove the orthogonality relation for which we give a discrete form (g-integral)}
too. We give a representation as a basic hypergcomcetric scries, a recurrence relation
is derived, a Christoffel-Darboux type formula and a second order g-difference
equation satisfied by these new basic orthogonal polynomials. 1992 Academic

Press, Inc.

1. INTRODUCTION

In [12] we studied the polynomials {L%#0-Mu—MN(xy} = which are
orthogonal with respect to the (Sobolev) inner product

1 © s . ,
<f,g>=r(—m——+”j0 x*e f(x)g(x)dx+v§0MVf< 0) g™(0),  (L1)

where o > — 1, N is an integer, and M, >0 for all ve {0, 1, 2, .., N}. These
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56 ROELOF KOEKOEK

polynomials are generalizations of the classical Laguerre polynomials
{L"(x)}_, and can be defined by
N+1
L Mo¥i ()= 5. A, DLI()

k=0

for certain coefficients {A.}y*,. The special case N=1 was treated

in [157.
Note that for N>0 the inner product defined by (1.1) cannot be
obtained from a weight function. That is why the polynomials

known properties of the classical orthogonal polynomials (see for instance
[3, 18]). For N=0 these polynomials reduce to the polynomials
{L*M(x)} ., found by Koornwinder in [16]. The most important proper-
ties of Koornwinder’s generalized Laguerre polynomials can be found in
[10]. In [8] J. Koekoek and R. Koekoek proved that these polynomials
{L>™(x)}>_, in general satisfy an infinite order differential equation. For
integer values of « this differential equation is of order 2a + 4.

In [9] we studied a g-analogue of Koornwinder’s generalized Laguerre
polynomials. These polynomials {L**(x;q)}> , are generalizations of
Moak’s ¢-Laguerre polynomials described in [177].

In [117] we studied further generalizations of these g-Laguerre polyno-
mials. The polynomials described in [11] are g-analogues of the polyno-
mials {LPMo-Mi-My(x)1l® in the special case N=1.

Now it is the aim of the present paper to find the g-analogues of the
polynomials {L%Mo-M.-Muy(x)1® in the general case. These g-orthogonal
polynomials will be denoted by {L%™M0Mu~My(x; gyl

2. SoME Basic FORMULAS

First we summarize some definitions and formulas we need from the
g-theory. For details the reader is referred to [4].

We always take 0 < g <1 in the sequel.

The g-shifted factorial is defined by

(a;9)0=1
{(a; On=01—-a)l—ag)(1 —aq®)---(1 —aq""), n=1,2,3 ...
For negative subscripts the g-shifted factorial is defined by
1
(1-—ag~")1—ag "*")---(1—ag™')’
atq, ¢ % g’ n=123, .. (21)

(@q) _,=
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Further we have for all integers n

N YO
(@ 9, (aq"; 9)
where
(@ 9) o =[] (1 —ag").
k=0

We will use two simple formulas involving these ¢-shifted factorials:

(a5 9), = (a:9), (ag™; 9}, k,n=0,1,2, .. 2.2}
and

@ ig g =(—a g ag),, a%0,n=012.. (23)

We have a g-analogue of the binomial coefficient given by

n (45 )
IS\ L1 £/ 2.4
[k]q (4 @) (@ @)k @4)

n n\
ii ={ .
P [J (k)

The basic hypergeometric series or g-hypergeometric series is defined by

a, 027 ey Ay
,¢s< q;z

It is easy to see that

b, b,, .. b
— e (a1’ a, .., ar; q)n (‘A 1)(14’3‘7)" q(1+57r)(;)zn
neo (b1 b2, s b3 q), (@ 9)n ’

where
(a1, a3y 0 @3 @) 5 =15 §), (g5 4), -+ (G5 @)

The g-hypergeometric series is a g-analogue of the hypergeometric series
since

o

. 4% . q
lim , S(
¢ qﬂl, qﬁz, - qﬁ:

ocl,az,...,oz,l >
= F, z .
<ﬂ1?ﬁ29~“9ﬁ:|

q: (q__ 1)1+sr2)
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The g-binomial theorem

a < (@ q), (az; 9) o
190 s Z )= "= , 1
¢ <— lq Z) EO (g5 q)nz (z,9)w 2l <

is a g-analogue of Newton’s binomial series. If @ =0 this leads to

0 @ g 1
eq(z):=1¢0<_lq;z)=zw—;2:])—=(—2;—q—)—, lzZ<1,  (2.5)

n=0
which can be seen as a g-analogue of the exponential function since

lim e ((1—-¢q)z)=¢"
gtl

We will use another summation formula

g b g™\ _ (c/b; q),
2¢1< c .q’ b‘)_ (¢ @)» (26)

which is often referred to as the ¢g-Vandermonde summation formula.
The g-difference operator D, is defined by

f@ -1
) =gx ’
D, f(x):= 2.7)
J(0), x=0,

where the function f'is differentiable in a neighbourhood of x =0. We easily
see that

lim D, f(x)=f"(x).
qt1
For functions f analytic in a neighbourhood of x =0 this implies

(D3/)0) = (D (D7~ '1))0)

_S"(0) (g5 9)n
T oonl (1—¢q)”

An easy consequence of the definition (2.7) is

n=1,23, .. (2.8)

DILf(px)1=y"(D f)(yx), yrealand n=0,1,2,...  (29)
Further, we easily find from (2.7)

D,[f(x) g(x)]=f(gx) D, g(x) +g(x) D, f(x) (2.10)
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which is often referred to as the g-product rule. This ¢g-product rule can be
generalized to a g-analogue of Leibniz’ rule

DL e)= X | 1| 0 e @i
k=0 q

where [}], denotes the g-binomial coefficient defined by (2.4).
The g-integral of a function f on (0, o) is defined by

[Trnar=-9 T e @.12)

k= —c0

provided that the sum on the right-hand side converges. This definition of
the g-integral on (0, o0) is due to F. H. Jackson. See [67]. For more details
concerning g-integrals the reader is referred to Section 1.11 of the book
[47]. It can be shown that

fim [ () dqzzfo f(e) dr

AR ]

for functions f which satisfy suitable conditions. For details the reader is
referred to [1] and to references given in [4].
In [5] Jackson defined a g-analogue of the gamma function:

)= {4 9)os

= 1—g) = 2.13)
(qx;q)oo( 9 (213)

I'(x

Note that this g-gamma function I',(x) satisfies the functional equation

X

l—g
1—g

I(x+1)= r(x), T,)=1

Jackson also showed that
lim I'y(x) = I'(x).
q11
For details the reader is referred to [1] and to Section 1.10 of [4].

In [27 R. Askey gave a proof of the following integral formula which is
due to Ramanujan:

0

d - s
(~(—@xdn (-
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If & = k is a nonnegative integer we have to take the analytic continuation
_ 1 — —

limr( o) I+ )=lim (—a+k)I(—a)

a—k I(—a) a—k(—a+k) I,(—a)

(=) (g5 g Ing™!
- k1 (l_q)k+1
k+1
ﬁ(q;q)kq_( 2 Jing-
(I—g)**!

For the residue of the g-gamma function the reader is referred to formula
(1.10.6) in [4]. We remark that we have in view of (2.5)

Ioe+1)

I(k+1)

1

R S
(—-(1-9x%q)w

X

e(—(1—g)x)—>e” as ¢gtL

Finally we have a basic bilateral series which is defined by

ay, ay, . d, |
s <b1, N Z)
v (@, a5,50,59) Coyn =03
— n _1 (s—r)n 2/ m
nzgw(blabZa ey bs;q)n( ) q ‘
The special case r=s=1 can be summed:

al N\ & (@@,
1*”1(;; q’z>‘,,=z_m(b;q)/

_(@a"'baz,a”

1

_ 27 4w
(ba™'q,z,a 'z7'b;q),

la bl <|zl<1.  (215)

This summation formula is due to Ramanujan. A proof of this summation
formula can be found in [2, 4].

3. THE DEFINITION AND PROPERTIES OF THE ¢-LAGUERRE POLYNOMIALS

In this section we state the definition and some properties of the
g-Laguerre polynomials {L®)(x;q)}>_,. These g-Laguerre polynomials
were studied in detail by D. S. Moak in [17]. For more details concerning
these polynomials the reader is referred to [9, 17].

Let a> —1.

The g-Laguerre polynomials {L{*(x; g)}_, are defined by
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( m+1’q)
L@y gy =Lt 2277
w (X3 q) . k
" (g q)eq” D= g (¢ )
, =012 ... (31
* L @ Qe (@ D " 3.1)

We easily see that
lim L{™(x; g) = L(x),
q11
where L{*(x) denotes the classical Laguerre polynomial.

By using (2.3) we obtain

n rl(n‘}—ot)(1 q)n X"
(7 9)n

+ lower order terms, n=0,1,2, ... (3.2)

Lx;q)=(-1)"¢q

The orthogonality relation for these g¢-Laguerre polynomials
{L™)(x; q)}_, can be written as

Fq(_‘x) © x* Wr e o
I'(—a) I'(a+1) L (—(1—¢)x;9) LEHx; q) L (x; q) dx
( o<+1’ q)n
— g O 23
U (33)

This orthogonality relation can also be written as

1 x qer+k _ _
— (o . {a .
4,2 S, o e DR
a+ 1.
—(__—’q_)ﬁ > >0, (34)

(7:9). 9"

where the normalization factor 4 equals
[e) ke +k

A=Y g

c L (—el=9) g% 9

This can be shown by proving that

Iy(=a) 0 x*
I'(—a) o+ 1) (__(l_q)x;q)wP(X)dx
—1— i qka+k P( k) (35
4,2 Cl—pds. )
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for every polynomial P. To do this take for instance P(x)=
(—(1—g)x; q),, where m is a nonnegative integer. Then we easily see that
both sides of (3.5) equal g~ @+ D™,

By using the fact that

R G- e )
(e =05 Do =" 7= 0

we obtain from Ramanujan’s sum (2.15) with a= —c¢(1—gq), b=0, and
qurx+1’

oo ko +k

q
A=
,ﬁw (—e(1~-0)q" 9)w
_ 1__ a+1 _ ,—1 1_ -1 . —a,
_@ —cl=q)g"", —c(1-q)" 4 " 9o (36)

(@ —cl—q) —c '(1-q) "' ¢ 9)ws

Note that (3.4) can also be stated in terms of the g-integral defined by
(2.12):

tlx

1 oo
— L®ct; q) L& (ct; q) d,t
A*fo (—el—q)t:9) m(64) Bet ) do

a+1.
@ s s, (3.7)
(9:9)n q

where A* equals

toz

s d.t. 38
O N e v (38)

We remark that the orthogonality relations (3.3), (3.4), and (3.7) are the
same since we work in the space of polynomials. This allows us to define
for polynomials f and g,

_ I'(—a) © x*
SO Tk T g 800

_—1— © qka+k .

RN rer A A

8

. r
A*Jo (—c(1—-q)tq) o

Sflct) g(et) d,t, c>0, (39)
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where 4 and A* are defined by (3.6) and (3.8), respectively. However, since
¢ is an arbitrary positive constant, the relations (3.4) and (3.7) give rise to
infinite many different weight functions. So the Stieltjes moment probiem
for the g-Laguerre polynomials {L{(x;q)}>_, is indeterminate. For
details the reader is referred to [177. (In particular, see Moak’s remarks on
page 21 and page 25 in [17].)
As a g-analogue of L(0)=("1*) we have
( a+1

,q)

n=0,1,2, ... (3.10)

The g-Laguerre polynomials satisfy a second order g¢-difference equation
which can be stated in terms of the g-difference operator defined by (2.7}
as

27 (x) l—qwr1 a+2 ()
x DXL (x; q) + —1—_—(]— (D L) gx; q)

$3

l—g
l—¢g

+ q** 'L (gx; q)=0. (3.11)

Further we have a three term recurrence relation

1__qn+1 .
YT L (x:9)

1——q”+a+1 I—q” ]
—[(1 —q)g ! + (1 __q)qzn+a] L®(x; q)

1_ n+a

—xL(x; q) =

TG Ly (x5 )

and a Christoffel-Darboux formula

(@' 9), Z ¢ (@ @) L (x5 @) LP(v: 9)
@G a). = (""" a)
1— a4k

= (T;—‘)_qm (L0 ) L) (vs 9)

=L (x;9) LP(y; 9)1. (3.12)

(x—y)

If we divide by x — y and let y tend to x we obtain the confluent form of
the Christoffel-Darboux formula

640/63/1-5
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(@5 0), & (g {LP(x;9))?
(q’ q)n k=0 ( a+19 q)k
l_qn+1

:W[U“) HEs q)—L‘“)(x 9)

L5 4) S L q)]. (3.13)

The g-analogue of the well-known differentiation formula D*L{*(x)=
(—1)F Le+F(x) yields

(zx)(x q)_(_l)k k(m+k)L(oc+k)(qx q)
k=0,1,2, ..n,n=01,2, ... (3.14)

4. THE DEFINITION AND THE ORTHOGONALITY

We will try to determine the polynomials {L%M0-M1--Mx(x: gy} which
are orthogonal with respect to the inner product

(f, 80,=<1s 8>+ X M(D,f)0)(D;¢)0),

a>—1,Ne{0,1,2,..},and M, >0 for all ve {0, 1, 2, .., N},

(4.1)

where the inner product { , > is defined by (3.9).
We will show that these orthogonal polynomials can be defined by

N+1
LiMoMinti(x; g) =}, g~ A(DGLPNg “x;9),

k=0

n=0,1,2,.. (42)

for some real coefficients {A,}y*s. Moreover, we will prove the
orthogonality relation

(LMo M1 MY (x; g), LMo M1 MM )

oc+1 N+1 k
(@Tﬁq—)n"o(}: q"k_(Z)Ak>5m,,, mn=0,1,2,... (43)
> n k=0

First we will determine the polynomials {L%Mo-Mt—-Mx(x: g)1= = which
are orthogonal with respect to the inner product (4.1). The Gram—Schmidt
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orthogonalization process assures us that such a set of polynomials exists
with degree[ L»*0M1M¥(x: g)] = n. So we may write by using (3.14)

LMo M1 Mo )

(=1 ALy (xs 9)
0

i

T 1=

g FOTRADEL) g X ), n=0,1,2,., (44)
0

where L'®(x; q) denotes the g-Laguerre polynomial defined by (3.1) and
the coefficients {4,}}_, are real constants which may depend on n, «, M,
M,,.,M,, and q. Moreover, each polynomial LZ*™0Mt~Mn(5- g} jg
unique except for a multiplicative constant. We will choose this constant
such that

Ly»0%x; g) = LP(x; ).
By using the representation (4.4) and (3.2) we easily see that the coef-

ficient &, of x" in the polynomial L%™0-M1.-Mu(x: g} equals

)n nr+a)yl_ 1/ (1 q) A

k —_
(= (g5 9),

e
:h
(¥

—

This implies that 4, #0.

Let p(x) = x™ First of all we choose LZMo-Mu-Mu(x: gy =1 for
the moment and we will try to determine the polynomials
{LgMoMi-My(x: gy} @, in such a way that p(x), LEYMoMo—My(x; g}5
=0 for all me {0, 1, 2 sn—1}.

We use the deﬁnition (3.1) of the g¢-Laguerre polynomials and
Ramanujan’s integral formula (2.14) to obtain for k=0,1,2,..,n
and m,n=0,1,2, ..

f (— (l—q)x Do .
@), s g ) d D1 g

(a+k)(

x; q)dx

(G Dk o (@ " 9),(g; 9),
yrrmt)
J (—(1-g)x;59) e
7 N i
@),k e ) g 31— ) grreri
(& Do o (@ Y 9); (45 9);

I'(—a—m— ])F(a+m+]+1)
I'(—oe—m—j)
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Now we use the definition (2.13) of the g-gamma function and the
identities (2.2) and (2.3) to find

I(—a)I[(—a—m—j)I{a+m+j+1)
I'—a)INa+1) L (—a—m—))

)_m,j(q““ " @)
47% Do

*(a+1)m1(';)q—(a+m+1)j—(£)( o+ 1, q) ( a+m+1, q)
b 2 ]

= (=" (1=¢

=(1-q¢)""q
Hence, by using the summation formula (2.6) we find
I~ OO X LE+P(x; q) dx
[M—a)Ma+1)o (—(1-q)x;q)

____(qa+k+1’q)n k a+1:q)m —(a+1)m—(’;)
(@G @n—r (A—g)"

q—n+k’ qa+m+1 .
X2¢1< q. 4

qa+k+1
__:(qk_m§Q)n-k(‘] 7q)m ~(e+1)ym— (m)
(@G Dn-r (A=)

k=0,1,2, ..n, mn=0,1,2, .. (4.6)

a+1.

Now we have by using (4.4) and (4.6)

Fq(—a) J-oo
N—a)Ma+1)d (—

o+1,

xa+m

(1=9)%q)e

ono M, ...,MN(x q) dx

_Y D~ m—(7) Ly
TR Z( )

k m,
X(___’ﬁﬁ_k,qk, mn=0,1,2,..
(q:- Q)n-k

First we consider the case that u>=N+2 and N+ 1<m<n—1. Then it
is clear that

(D:p)0)=0  forall ve{0,1,2,..,N}

Since

(@™ q)y_ =0 for k=0,1,2,..,mand m<n
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(qa+1;q)m *(a+l)rn—('£') zn: (——l)k
(1—g)” k=m-+1
k—m.
XL’—MAkzo, m=N+1,N+2, .. n—1

(25 Dk

If we substitute m=n—1,n—2, .., N+ 1 respectively we easily obtain

Ayirs=Ay,.3=-=4,=0 for n=N+2

Hence, the expression (4.4) reduces to (42) for a2 N+2 For n<N+1,
(4.2) is trivial. In that case the coefficients {4,}y}!, |, can be chosen
arbitrarily. This proves that the polynomials {L%™0-M1MN(x. g)}*  can
be defined by (4.2) for all ne {0, 1,2, ..}.

In order to define the coefficients {4, } Y+, we now have to consider for
n=1,23,..

{plx), LyMoMo-My(x:q)> =0 for m=0,1,2,..,min(n—1, N).
(4.7)

Since p(x)=x" we have by using (2.8)

(45 Do
D p)0)=—LLm 5 y=0,1,2,., N.

Hence, (4.7) implies, by using (4.1), (4.2), (4.6), (3.14), and (3.10), that

( x+ 1,

S D @ m— () ‘“*“("’Z’:V“) (—1)* (@ " @)us

“ 4
(1—gq) kit (@ Do ©

(q, q)m min(#, N+ 1)
+(__1)m___r;z_ m(m+:x)Mm (_1 k
(1—g? RIS

a+k+m+1.

(q aq)n~k7m k
X "4, =0,
@G Do rm T

for m=0, 1, 2, .., min(n — 1, N). We remark that the definition (2.1) implies
that

(@59) n_ (=g " H1—g ") (1-¢°) _
(@@ (=g 1~g " (I-g")

640/69/1-6
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fory—n>0and n=1, 2,3, .... Hence

a+k+m+1.

(qk—m;q)n—kz(q ’q)n—k—m:()
(q5 q)n—k (q’ q)n—k—m

forkzn+1and m=0,1,2,.., min(n—1, N). Note that we have by using

(2.4)
(@ " i n—m—l] [n—-m—1
(4 9)n- s _[ n—k q'[k—m—Jq

n—k+1.
=(q ,q)k—m—I, m<n.
(& Dim—
This allows us to write
oa+1, m N+1 n—k+1.
(q M aqllm "(o(+1)lnr(2) i (_l)k (q * aq)k~m—1Ak
(1—q) k=m+1 (@ Di—m—1
(4 D)m v
+ ()" =g O, Y (1)
(1—q) o
et+k+m+1.
X(q ’q)n-k—m quAk=O,
(q;q)n4k~m

for m=0,1,2,.. min(n—1, N). However, we will define the coefficients
{A4,}¥*) in such a way that

a4+ 1. m N+1 n—k+1,
(g** ,q)mq-(m;m;(z) i (— 1) (""" ,q)k_mflAk
(4 9 k=m+1 (@ Dk-m-1
N+1 at+k+m+1.
+(_1)mqm(m+a)Mm Z (_l)k (q . sq)n—k—mquAk=0,
k=0 (q’ q)n—k~m

(4.8)

for m=0,1,2,.., N is valid for all n€{0,1,2,..}. For n>N+1 this is

the same system of equations. For n< N we have added the following

conditions on the arbitrary coefficients {4, }y ), ,:

a+ 1. my N+1 n—k+1.
(q + 9q)m —(a+1)m7(2) i (_I)k (q :q)k~m——1 Ak
(45 O P (4 Dk —m—1

N+1 at+k+m+1

(¢ 5 Dn—k—m
+(_1)m m(m+:x)Mm (—I)k n
9 kgo (@& Dk m

qu"ik = Os
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where m=n, n+1, n+2, .., N. Since we have by using (23)forkzn+1
_qk—n
@ g =10 O g,
_(ky_(n+1
= (=g G g g,

this implies

f( a1 n ntly N1 k
(@59 o= (3)-("F) Ty By s g g
(%Cl)n k=n+1
(@ Duvi @ no4n-("F7)
(qﬁq)n+t
N+1 n—k+1.
<Y (—1rY en—il 4 o 21,23, Non.
k k=pn+i+1 (q;q)k~n—i-l
This implies for n< N that 4, ,=A4,,;=-- =4y, =0and
@+ 1 n
( * 5q)n —n(n+a+1)+nn+1)— ( +1)A qn(”+°‘)MnAO,
(2:9)n

However, in the sequel we only need

oz+1 N+1 k
FOM Ay = g—_&q"ﬂ"“ﬂ“) Z an ()A for n<N.
(q,CI)n k=n+1

4.9)

Now we have found the representation (4.2) where the coefficients
{A3VSs satisfy (4.8). Note that we changed the choice of
LMo i = M¥(x: g} =1 such that (4.2) also holds for n = 0. We remark that
the system (4.8) of equations for the coefficients {A,} Y4 can be solved for
every N. For instance, in [11] we found an exolicit representatlon in the
case N=1. It would be a nice result to find an explicit formula for each
coefficient A4, in general. However, in this paper we only need the
property (4.9).

To complete the proof of the orthogonality relation (4.3) we note that it
follows from (4.2), (3.2), and the orthogonality we just proved that

=( )n n(n+ o) (( Q)) 0<X", Lz’M(”MI""’MN(x; Q)>q-
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Now we obtain from (4.1), (4.2), and (4.6) for m=n>=N+1

(G, LMo (s g)

(qa+1 N+1

=___Jgﬁ —(e+1)n—(3) k@k‘ﬁQD—kA
(1-q)" Zo( b (9 Dn—r

n qm+l’q)" —n(n+a ! nk— (%
=(=1) L__)_nq ratt) 3o gm=(3)y
k=0

This proves (4.3) in the case that n = N+ 1.
For n< N we find by using (4.9)

{x", LMo MMy (x: g) )

(Hl:(]) —@+n-(7) < _1k(qk—n;q)n——k
=gy L e A

+(_1)n (q’ q)n qn(n+a)MnAO

(1—g)"

<Z+l N+1 k
__(__1)n(( ’?3nq—n(n+a+l) Z an—(z)Ak-
k=0

This proves (4.3).

5. ANOTHER REPRESENTATION

The polynomials {LZ0-Mi-Mu(x; g)}= = given by (4.2) can also be
written as

N+1
L;o;,Mo,Ml,...,MN(x; q): Z q—k(oz+2k)kak(DI;L§1a+k))(q—kx; q)’ (51)

k=0

where the coefficients {B,}7 ", are related to the coefficients {A4,}~*}
found in the preceding section in the following way

i+ N+l k
A,-=q( 2 ) —k(a+k+i)l:.:|
kzi i tlq

n—k+1. a+k.

s q)k 7 (q > q)z

(1—q)

< B, i=0,1,2 ., N+1

and
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B, = (1—¢q ) qA(k;I)“’k(“-”k)Nil(__1)j+k[j]

( rx+k, q)k Tk Lk_
n—j+1.
(—(é‘%—zz:%%fiAj, k=0,1,2,., N+1,
b J—

where the g-binomial coefficient is defined by (2.4).
This can be shown by first proving and then using the following two
relations involving ¢g-Laguerre polynomials

n—k+1, o:+k )

k(D L(u+k))(q x; q)_q Z l: ] (q 7q)k z(q
i=0 q (1_ )
xq~ ()P Dl LY g),
and
g I(DILEN g™ x; q)
k ] k (qnfk-kl.q) (1_ )i
— ___1 1+k[ } k—1i
,2::0( ) (qa+t )(qa+2[+laq)k i
i+1
g U2 WDiLe ") g s g),

respectively, for k, n=0, 1, 2, ...
The proof can be found in [13, 14].

6. REPRESENTATION AS BAsSIC HYPERGEOMETRIC SERIES

If we write

( a4+ 1.

. 5@ < (3) gtavars =) .
Lyt ) = S 2Ly, glB)greary
( q (‘L )n mZ:() q (q’ )

then it follows from (4.2) and (3.1), by using (2.2) and (2.3) that
" @S Dk - (5)
Cm: T_’"__ 2/ 4
k§o (g +1§q)m+kq g

@ 5Dn & am . e — (%
@ D, Y @ e T v kg (Z)Ak-
’ m+N+1 =0
Note that
N+1
3 = (§) g,

Fz):=3% (@ "9 (@ 2 q)n 11 g
k=0
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is a polynomial in z of degree at most N + 1. The coefficient of z¥*! in F(z)
equals

(— 1)N+1q(N+1)(a+1)+(N“) Z —(a+ Dk~ (k)A

Note that it follows from (4.3) that

+
F(0) = Z =2 4, 20,

This implies that all zeros of F(z) can be written as (complex) powers
of g. If

&t k- (%
Y g By 0, (6.1)

k=0

then the polynomial F(z) has degree N + 1. In that case we may write
m —n+m. a+k+m+1., ”k‘(g)
Fg™)= 2 @™k (q SN+ 1-kY Ay

k
=<Nilan-(k)z4 )(l—qﬂ")(l— q")---(1—q™)

(@ ) (" D (@ )
(@ D (@5 @ (@5 @)

for some complex §;, j=0, 1, 2, .., N. Hence, by using

o+ N+2.

( a+1’q)m+N+1*(q aq)N+l(q 7q)m’

which follows directly from (2.2), we have
LZ,MO,MI,.,.,MN(X; q)
(1—gm)(1 —g")--- (1 —¢g") (T G
= (qa+1. Z_: * (Z)Ak

5 q)N+1
(g* ' 9),
(7 9)»

a+1.
X

—n

qBo+1’ qﬂ1+1 qBN+1

X vond (q , s ooy
N+2¥VN+2
+ + qd+N+ 2’ qﬂO’ qﬁl, " qﬁN

g —(1 «q)q"+“+IX>-

(6.2)
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If (6.1) is not satisfied, then F(z) is a polynomial of a degree less than
N+ 1. In that case we find a representation as a , ¢, basic hypergeometric
series where K < N+ 2 in a similar way.

7. A SECOND ORDER g-DIFFERENCE EQUATION
In this section we will show that the polynomials { L%M0-*b-M¥(x: gy}
satisfy a second order g-difference equation. The method found in [7] can

be applied in this case too. We prove the following theorem.

THEOREM 1. The polynomials {L%M0M0~Mn(x: )} *  satisfy a second
order g-difference equation of the form

1—-4"
l—gq

+ Py(x) L2Mo Mo Mgy g) =0, (7.1)

where Py{(x), P(x), and P,(x) are polynomials with
N1

k
fPo(x) =q**'4, ( Y an(z)Ak) x¥ 1+ Jower order terms
k=0

. N+1 nkg(k)
{ Pix)=q¢*" A0< Y g 2 Ak> xN*2 4 lower order terms (7.2)
k=0

N+1 " k)
sz(x)=Ao< Y 4 -3 Ak> xV*1 4 lower order terms
k=0
and
1— a+N+2
Pl(qx)=xDqu(x)+[q“””x_ f_q ]Pz(x). (7.3)

Proof. We consider the g-difference equation (3.11) for the g-Laguerre
polynomials. By using the fact that

Lg% q)=LP(x;9)+ g~ (1— ) x(D,LP)g 'x; q)

which follows directly from (2.7), we write this g-difference equation (3.11)
in the form

1— x+1
g (DL g x5 g) + {—1%‘]——— q"“‘X] (D, L)g™ x5 9)

n

l1—g
1—gq

+ q* "L (x; q)=0. (7.4)
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If we let D’; act on (7.4) and use the g-analogue of Leibniz’ rule (2.11) we
obtain

l_qoc+k+1
x(Dl;+2L’[1a))(q~k~2x; q)+qk+2l: __qn—i»ozx]

1—¢q
k41 —k—1 1—g* 3k +3
X (Dg 'L Ng ™ g + =g
l—gq
x (DEL®)(g *x;q)=0, k=0,1,2,... (15)

Now we consider the definition (4.2). We multiply by x and use (7.5) for
k=N-—1 to find

N
XLy Mo MM g) = 3 b(xNDg L) g™ x; q), (7.6)
k=0

where

bu(x)=q *¥C+R4, x,  k=0,1,2,.,N—2

—(N—1 N—1

by_1(x)=¢q ( ot YAy _1x
n—N+1

a+3N—(N+1)a+N+1) 1—g

1—gq

-9 AN+1

I_qfx+N
bN(x)=q—N(a+N)ANx_q~(N+1)(ac+N)l:

1 *qn+ax:|AN+1-
—9q

Now we multiply (7.6) by x and use (7.5) for k=N —2 to obtain

N-1
XALEMo M Mi(c gy = N B (x)(DELY)Y g x; q),
k=0
where

( Bu(x) = xby(x), k=0,1,2,.,N—3

1__qn7N+2

< by_a2(x)=xby_s(x)— 1= g* "3 b p(x)
. I_qac+N-1
a9 = by 0= ¥ | = ).

Repeating this process we finally obtain by using (7.5) for k=0

x VLMo M Mu(xs g) = po(x) LP(x; )+ p1(x)D, LI g x5 9)  (7.7)
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for some polynomials py(x) and p,(x) which satisfy

Pofx) = Aox™ 4+ lower order terms
N+1 " k (78)
pl(x)=q‘("+“‘“’( Y q" 7(2)Ak> x" +lower order terms.

k=1
Now we use the g-product rule (2.10) to obtain from (7.7)
N

ll—q folLZ,Mg,Mb...,MN(qx; Q)—?—XN DqL:,Mo,Mu«’MN(x; q)
-9

=D, po(x) L(gx; ) + [ po(x) + D, p (x) 1D L) (x; q)

+q ' (x)DILN g x5 g).

We multiply by x and replace x by ¢~ 'x to obtain
1—g"
(I-a)q
=q 'x(Dypo)(g~'x) L(x; q)
+q7 'x[polq™ %) + (D, p)g~ ' x)UD LI Ng ;)
+q72xpi(g XWDILPY g x; q).

Now we use (7.4) and (7.7) to find
XN+ 1(DqLc:;,M0,M1,...,MN)(q—lx; q)
= ro(x) L (x; q) + ri(x)(D,LP) g 'x; ), (7.9)

where

1“" n
)=+ 450, e )= g |
1—g"
—9q {7.10)

r(x)=g"x[polg 'x)+ (D, p)g 'x)]

l_qa+1 3 1__ N
—gVT! [ —q”“‘X] pig~ %) — g —L- p (x).
1—¢q l—g¢
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By using (7.8) and (7.10) we easily see that

I_qn el N+1 nk—(k) N
ro(x)= — . q ( Y g 2 Ak> x™ + lower order terms
1 k=t (1.11)
N+1 k
ri(x) =< Y q"k‘(z)Ak) x¥* 14 lower order terms.
k=0

In the same way we obtain from (7.9)

1— qN+1
I—gq

=D, ro(x) LI (gx; ¢) + [ro(x) + D,ri(x)1 D LYV(x; q)

+q7 'r(x)(DILP) g 'x; q).

q

.X'N DqLZ’MO’Ml’”"MN(X; q) +q_lxN+I(D‘ZILZ’MO’MIW’MN)(Q—lx; q)

Multiplying by x and applying (7.4) again gives us by using (7.9)
xVEHDIL MM M) (g %x; q)
= 50(x) LP(x; g) + 51 (x) (D, L) g ™ 'x; q), (7.12)
where

n

—-q . _
7 q +2"1(q lx)]

5o(x) = g2 [x(quo)(q-lx) -

1-—
1—qN+1

— 2———7' X

=g " (7.13)
— N+2 —~1 —1

si(x)=q" " x[ro(qg7 x)+ (D,r g x)]
l_qrx+1 l_qN+1
__,N+3 __ ahta —1 2
T e ] L R e

By using (7.11) we easily see that

1—g” N+1 e k
So(x)= — 4 q“”( Y g i (2)Ak) x"¥* 1+ lower order terms

l—¢g =
k=0 (7.14)
N+1 nkf(k)
sl(x)=q"+°‘+2< Y ¢ 2 Ak> xV*2 + lower order terms.
k=0

Elimination of (D,L®)(q 'x; q) from (7.7), (7.9), and (7.12) gives us in
view of (3.10)
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Polx) 11(%) = py () rolx) = x"P3(x)
Po(x) $1(x) = py () so(x) = xVP¥(x) (7.15)

L X ipg(x)
q

o) 5106) = () sy) =

for some polynomials P¥(x), PF(x), and P§(x). Here we used the fact that
for n=0 it follows from (7.7) that p,(x)= A,x". Therefore we have from
(7.10) and (7.13), ro(x) =s4(x)=0.

Now we conclude from (7.7), (7.9), and (7.12), by using (7.15)

MLEMOM N (s g)  pofx) py(x)
0= |xN YD, LyMod M)~ lx; g) ro(x) ()

XN FADIL MMM (g2 ) sy(x) 51(x)

=x™MFIPE)DG LM MM (g g)

n 1-4" XINFUPE(x) LMo Moo Mu( . )
- " H4)
We divide by x*¥ ! to obtain

XPENDILE MM M) (g = 2x; q) — PHx)(D, Ly Mo MM (g~ x; g)

n

l—g
l—gq

T PE(x) L3 oMM g) =0,

We replace x by ¢g°x and use the fact that
Ly Mo-MuM(g2x; ) = Ly Mo M M(gx; )
— q(1—q) x(D, Ly MMMy (gx; g)
which follows directly from (2.7), to find

1 "
[ () Lo gx; ) =0

which proves (7.1) if we define
q*V*Py(x) 1= ¢’P¥(q°x)
g*" Py (x) 1= PF(g°x) + q(1 — 4") xP3(q°x) (7.16)
g*N T Po(x) 1= P§(g7x).

+
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It easily follows from (7.15), (7.8), (7.11), and (7.14) that

N+1 e k
P¥(x)= q"‘+3Ao( Y 4" (Z)Ak> x¥*! +lower order terms
k=0

N+1

k
P¥(x)=q"t*"24, < y an‘(Z)Ak) xV*2 4 lower order terms  (7.17)
k=0

N+1 " (k)
P;“(x)=A0< Y ogt Ak> xV+1 4 lower order terms.

k=0

Now (7.2) follows from (7.16) and (7.17).
It remains to show that (7.3) is true. To prove this we note, by using
(2.7) and (7.16), that (7.3) is equivalent to

(1 —q)[P¥(gx)+ (1—¢") xP§(qx)]
=g* "N IPF(x) — ¢ PF(qx) + (1 —q) ¢* TV UxPF(x).  (7.18)

Now we will prove (7.18).
From (7.10) it follows by using the definition (2.7) that

(1—q) ro(gx) =g~ +'po(x) — qpolgx) — (1 — ¢") ¢**V*?p,(x)
(1—q)ri(gx)=(1—q) g" " xpo(x)+¢** " ?p,(x) —gp.(gx) (7.19)
+(1—¢q)g" >V 2xp (x).

Now we use (7.15) and (7.19) to see that
xV[P¥(gx)+(1—q") xP§(qx)]
=q~ [ Po(gx) 51(gx) — p1(gx) so(gx)]
+(1—¢) ¢~ 'Lrolgx) s1(gx) — r1(gx) 56(gx)]
= [po(x) = (1 —¢") ¢** 'p1(x)] 51(gx)
— [(1 = q) xpo(x) +¢* " 'py(x)
+(1=q) g" " xpi(x)] so(gx). (7.20)

By using (7.13) and (2.7) we find

N+3

(1—q) so(gx) =gV 3ro(x) — grolgx) — (1 —g") g* ¥+ *r (%)
(1—g) s1(gx)= (1 —q) g~ >xro(x) + g** Y 4ri(x) — ¢°ri(gx) (7.21)
+ (1 _q) qn+a+N+4xrl(x)'
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Hence, by using (7.20) and (7.21) we obtain
(1—q) x"[P¥(gx) + (1 —¢") xP§(gx)]
=gV po(x) 11(x) = po(x) ro(x)]
+(1=q) ¢V X[ po(x) ri(x) — pi(x) ro(x)]
+ (1 —q) ¢xpo(x) + ¢*py(x) + (1 —q) ¢" " *xp1(x)] rolgx)
~ [@°polx) — (1 —¢") ¢**°p1(x)] r1(gx).
Finally, we use (7.19) and (7.15) to find
(1—q) x"[P¥gx)+ (1 —q") xP§(gx)]
= q* VA po(x) 1y (x) = p1(x) rolx)]
+(1—q) ¢* " 4x[po(x) r1(x) — pi(x) ro(x)]
+[(1=q) g~ 'rilgx) + g~V 2pi(gx)] rolgx)
—[(1—q) g rolgx) + g~ " *polgx)] r1(gx)
=g TV po(x) 11(x) = pi(x) ro(x)]
+(1—=q) g VXD po(x) ri(x) = pi(x) ro(x)]
—q "2 [polgx) r1(gx) — pi(gx) rolgx)]
=xV[g* M VP (x) + (1= q) ¢* TN xPE(x) — ¢*PF(gx) ]

This proves (7.18) and therefore (7.3).
This completes the proof of the theorem.

8. RECURRENCE RELATION
In this section we will prove the following theorem.

THEOREM 2. The polynomials {L2M>Mi-MN(x: A} o satisfy a
(2N + 3)-term recurrence relation of the form

xN+ le,Mo,Mh...,MN(

x; q)
n+N+1
= z E;{n)LZ,Mo,Ml,A..,MN(x; ‘Q)’ n=0, 1, 2, . (81)

k=max(0,n—N—1)
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N+ lLDC,MO,Ml,---s
n

Proof. Since x My(x;q) is a polynomial of degree

n-+ N+1 we have

n+N+1
. , Mo, My, ... M, . —
xN“Lf‘,’M"’Ml’ ,MN(x, q)= Z E;{”’LZ 0. M1 N(x, q), n=0,1,2, ..
k=0

(8.2)

for some real coefficients E{”, k=0, 1,2,..,n+ N+ 1.
Taking the inner product with L%M>Mu—MN(x: g) on both sides of (8.2)
we find by using (4.1) for n=0,1,2,.. and m=0,1,2, ., n+ N+ 1,

= (XM 1L3’M°’M1’---’M~(x; 9, L:;;M‘)’M“---SMN(x; 9,

— <xN+ IL:ZMO,MI,...,MN(X; q), L:,MQ,Ml,...,MN(x; q)>q (83)

In view of the orthogonality property of the polynomials
{L%Mo- My My gL we conclude that E =0 for m+ N+ 1 <n. This
proves (8.1).

The coefficients {A4,}+~, in the definition (4.2) depend on n. To dis-
tinguish two coefficients w1th the same index, but depending on a different
value of n we will write 4,(n) instead of 4,. Comparing the leading coef-
ficients on both sides of (8.2) we obtain by using this notation and (4.5)

k,
E,(,"lNH % —_—=(— )N+1 —(N+1)2n+a+N+1)
n+N+1
X(qn+ls gIns1 Ao(n) 40 0. 12

(1=g)"*! 4,(n+N+1)
If we define

Ay 1= LEMOM N ), LMo 00(3; ),

__( ’q)nA()( Z q"k_(lzc)Ak>

(95 9)» P

then we find by using (8.3), (4.5), and the orthogonality that

anlA

E(n)
n—N—1" k Ang]vkl

#0, n=N+1,N+2,...
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9. A CHRISTOFFEL-DARBOUX TYPE FORMULA

From the recurrence relation (8.1) we easily obtain

(XN+1~yN+1)LZ’M0’M1""’MN(X,' q) LZ’MO’Ml""’MN(y; q)

81

k+N+1
— z E(k)[L“’MO’M“'"’MN(x; q) LZ’MO’MI ----- MN(},; Q)
m=max(0,k— N—1)
— LMo M MYy ) LM MM )], k=0,1,2, . (9)
We divide by 4, and sum over k=0,1,2, ... n
(xVF1_ N+ Z LMo M Mi(x; g) L Mo-MiMy( 31 )
Ay
n k+N-+1 E(k)
=) ) = LMo M M s g) LMo (s )
k=0 m=max(0,k —N—1) k
— L MoM My g) LMo M MY ()]
forn=0,1,2, ...
Now we use (8.3) to see that
EW®  pim
o=k k—N—-1<m<k+N+1,km=0,12, ..
Ak Am
Now we have the following situations. For # < N we have
n k+N+1 n n n k+N+1 n k+N+1
% > =2 Z +Y L =X X
k=0 m=max(0,k—N—1) k=0 m= k=0 m=n+1 k=0 m=n+1
and for n> N+ 1 we have
n k+N+1 n min{n,k+ N+ 1) n kE+N+1
% ) =2 ) + X X
k=0 m=max(0,k~N—-1) k=0 m=max(0,k— N—1) k=n—N m=n+1
n k+N+1
k=n—~N m=n+1
So it follows from (9.1) by using this observation that
(x¥+1_ N+1) Z LaMO M ""MN(X Q)L“MO M MN(.V;‘])
A
n k+N+1E(k)
= X% TE[LEMMet(cg) LMty )
k=max(0,n—N) m=n+1 k
— LMo Mo M (s g) LMot (x; ) ] (9.2)
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for n=0,1,2,... This can be considered as a generalization of the
Christoffel-Darboux formula (3.12) for the g-Laguerre polynomials.

If we divide the Christoffel-Darboux type formula (9.2) by x — y and let
y tend to x then we find the confluent form

n {LZ,M(),M],...,MN(X; q)}z

N+ 1)x" Y
k=0 Ak
i k+§:+1 E(k)l: Mo, M M, d Moy, M M
= — = | LM q) —— LM (x; q)
k=max(0,n—N) m=n+1 Ak dx ™

d
— LMo ;) o LMo M q)]

for n=0,1,2,... This formula can be considered as a generalization
of (3.13).
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